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Abstract
We study the linear relations among the Fourier coefficients of modular forms on the group Γ0(N) of
genus zero. Applying these linear relations, congruence properties of Hecke eigenforms, replicable proper-
ties of Hauptmoduln and congruences of representation numbers of the sums of n squares can be obtained.
The eta-quotient expression of the unique normalized modular form ΔN(z) of weight 12 on Γ0(N) with a
zero of maximum order at ∞ is listed.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let V (N; k,n) be the subspace of Cn generated by the first n coefficients of the q-expansion
of f at ∞ for f ∈ Sk(Γ0(N)), where Sk(Γ0(N)) denotes the space of cusp forms of weight k
on Γ0(N). Let L(N; k,n) be the orthogonal complement of V (N; k,n) in Cn with the usual
inner product of Cn. The vector space L(1; k, d(k) + 1) was studied by Seigel when the value
of the Dedekind zeta function at a certain point was computed, where d(k) = dim(Sk(Γ (1))).
The vector space L(1; k,n) is explicitly obtained in [2] by the principal part of negative weight
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is, N = 1–10,12,13,16,18,25. We apply this result to study congruence properties of Hecke
eigenforms, a replicable property of Hauptmoduln and congruences of representation numbers
of the sums of n squares.
This paper is organized as follows: Section 2 gives the main theorems that state linear relations
among the Fourier coefficients of modular forms. In Section 3, using those, we study congruence
properties of modular forms and Hauptmoduln. In Section 4, we list eta-quotient expressions of
the modular forms ΔN(z) that play important roles in construction of linear relations among the
Fourier coefficients of modular forms, where ΔN(z) is the unique normalized modular form of
weight 12 on Γ0(N) with a zero of maximum order at ∞. In Sections 5 and 6 we prove our
results.
2. Main results
We introduce some notation to state our theorems. From now on we assume that N is an
integer such that the genus of Γ0(N) is zero. We define the q-expansion of a modular form f at
each cusp t :
(f |kγt )(z) = (cz+ d)−kf
(
az+ b
cz+ d
)
=
∞∑
n=bt
atf (n)q
n
for γt =
(
a b
c d
) ∈ Γ (1) such that γt (t) = ∞. We write a∞f (n) = af (n). Let
V (N; k,n) := {(af (1), . . . , af (n)) ∈ Cn: f ∈ Sk(Γ0(N))}
and
EV(N; k,n) := {(at1f (0), . . . , atν∞f (0), af (1), . . . , af (n)) ∈ Cn+ν∞ : f ∈ Mk(Γ0(N))
where ν∞ is the number of the distinct cusps of Γ0(N)
}
.
We define L(N; k,n) and EL(N; k,n) to be the orthogonal complement in Cn of V (N; k,n) and
EV(N; k,n), respectively.
Let
jN(z) = q−1 +O(q)
denote a normalized meromorphic modular function with a pole only at ∞. Let ΔN(z) be the
unique normalized modular form of weight 12 on the genus zero group with a zero of maximum
order δ(N) at ∞. Note that such a form exists by the dimension formula (see (5.2)). So, the
following set:{
ΔN(z), . . . ,ΔN(z)jN(z)
δ(N)−1,ΔN(z)jN(z)δ(N)
}
forms a basis of M12(Γ0(N)). This implies that
dimM12
(
Γ0(N)
)= δ(N)+ 1.
Moreover, the dimension formula (see (5.2)) shows that
dimM12
(
Γ0(N)
)= α(N)+ 1,
where α(N) = [Γ (1) : Γ0(N)]. So, the number δ(N) is equal to α(N). Moreover, the valence
formula (see [14]) implies that ΔN(z) has no zero except ∞.
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g(z)
ΔN(z)e
=
α(N)e∑
ν=1
b(N, e, g;ν)q−ν +O(1) at ∞,
where e 1. We now state the following theorem.
Theorem 1. Suppose that k  4 is an even positive integer. Let
Mhr
(
Γ0(N)
) := {g ∈ Mr(Γ0(N)): ord∞(g) h}
for each fixed h, 0 h dim(Mr(Γ0(N)))− 1. For each e k+212 , take r = 12e − k + 2.
(1) The linear map Φ(N)r,α(N)e−h :Mhr (Γ0(N)) → L(N,k,α(N)e − h), defined by
Φ
(N)
r,α(N)e−h(g) =
(
b(N, e, g;1), . . . , b(N,e,g;α(N)e − h)),
is an isomorphism.
(2) The linear map Ψ (N)r,α(N)e−h : Mhr (Γ0(N)) → EL(N, k,α(N)e − h), defined by
Ψ
(N)
r,α(N)e−h(g)
= (d1 · at1 g
ΔN (z)
e
(0), . . . , dν∞ · atν∞g
ΔN (z)
e
(0), b(N, e, g;1), . . . , b(N,e,g;α(N)e − h)),
is an isomorphism, where di is a positive integer for 1 i  ν∞.
Using Theorem 1 we find linear relations among Hecke eigenvalues modulo p, for a prime p.
It is known that there exists only a finite number of systems of eigenvalues (mod p) (see [7,13]).
Moreover, if f1 ≡ f2 (mod p) for fi ∈ Zq ∩ Mki (Γ0(N)), then k1 ≡ k2 (mod (p − 1)) (see
[10]). These lead us to study linear relations among all the Hecke eigenforms whose weights are
the same modulo (p − 1).
Theorem 2. Let p be a prime with p  N . Let f be a normalized Hecke eigenform such that
f =∑∞n=1 af (n)qn ∈ OLq ∩ Sk(Γ0(N)), where OL denotes the ring of integer in a number
field L. If k ≡ k˜ (mod (p − 1)) for k˜ ∈ {4, . . . , p + 1} and ℘ is a prime ideal of OL over p, then
for g ∈OLq ∩Mr(Γ0(N)) we have
af (p) ≡ 0 (mod ℘)
or
α(N)e∑
n=1
af (n)b(N, e, g;n) ≡ 0 (mod ℘),
where e [p−112 ] + 1 and r = 12e − k˜ + 2.
Example 2.1. Let k be an even positive integer such that k ≡ k˜ (mod (p − 1)) for k˜ ∈ {12,16,
. . . ,20,22}. Take e = 2, g = Er(z) and r = 26 − k˜. Here Ek(z) is the usual Eisenstein series of
weight k:
Ek(z) := 1 − 2k
Bk
∑( ∑
dk−1
)
qn.n1 1d|n
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Br
is p-integral, then a Hecke eigenform f =∑∞n=1 af (n)qn ∈ OLq ∩ Sk(Γ (1)) satisfies
the following congruences:
af (2) ≡ −48 + 2r
Br
(mod p)
or
af (p) ≡ 0 (mod p).
3. Applications
We use Theorems 1 and 2 to study congruence properties of Hecke eigenforms, the replicable
properties of Hauptmoduln and the congruence relations of representation numbers of the sum
of n squares.
3.1. Non-ordinary primes
Suppose that f (z) =∑n>0 af (n)qn ∈ Sk(Γ0(N)) is a normalized Hecke eigenform. A prime
p is non-ordinary for f (z) if af (p) ≡ 0 (mod p). The notion of a p-ordinary prime was intro-
duced by H. Hida. It plays an important role in the p-adic theory of modular forms (see [4]).
There is very little known about the distribution of non-ordinary primes of a given eigenform f
of weight k. This problem has been studied by various authors including [1–6]. The following
result gives a sufficient condition for a prime p to be a non-ordinary prime of a certain Hecke
eigenform.
Theorem 3. With the same notation as that of Theorem 2, let
ω℘(f ) := inf
{
: h(z) ≡ f (z) (mod ℘) for h(z) ∈OLq ∩M
(
Γ0(N)
)}
.
If f ∈OLq is a normalized Hecke eigenform and ω℘(f ) > p + 1, then
af (p) ≡ 0 (mod ℘).
3.2. Sums of squares
As an another application of linear relations among the Fourier coefficients of modular forms
we obtain congruence properties for the number of representation of integers as sums of 2n
squares. Let, for u ∈ Z>0,
rn(u) := 
{
(s1, . . . , s2n) ∈ Z: s21 + · · · + s22n = u
}
and σk(n) :=
∑
d|n
dk.
We assume that σk(n ) = 0 if   n. Then we have the following:
Theorem 4. Let p be a prime not in {2,3,5,17} and take an integer n such that
n ≡ 4 (mod p − 1). For an integer m such that m logp p−3+n2 and for any positive integer v,
we have
rn
(
vpm
)≡ 240((17−181−n + 1
255
)
σ3(v)− 17−181−nσ3
(
v
2
)
− 256
255
σ3
(
v
4
))
(mod p).
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r12w+8
(
7mv
)≡ 6 (mod 7) for every integer m such that m log7(3w + 4),
r20w+8
(
11mv
)≡ 9 (mod 11) for every integer m such that m log11(5w + 6),
r24w+8
(
13mv
)≡ 12 (mod 13) for every integer m such that m log13(6w + 7),
r36w+8
(
19mv
)≡ 7 (mod 19) for every integer m such that m log19(9w + 10),
r44w+8
(
23mv
)≡ 8 (mod 23) for every integer m such that m log23(11w + 12).
3.3. A duality of Hauptmoduln
Let Fm(X) be the unique polynomial such that
Fm
(
j (z)
)= q−m + ∞∑
=1
a(m;)q at ∞,
where j (z) is a usual j -function:
j (z) = q−1 + 744 + · · · .
This polynomial is called a “Fiber polynomial” and it is known that every a(m,) is an integer
(see [11]). The following theorem gives a duality between a(m;) and a(;m):
Theorem 5. For any m1,m2 ∈ Z>0 we have
m1a(m2;m1) = m2a(m1;m2).
Remark 3.2.
(1) The above theorem was already studied using the symmetry of the formal power series
f ′(X)
f (X)− f (Y ) −
1
Y
,
where f (X) = X−1 +∑∞n=1 a(1;n)Xn (see [11, §4]).
(2) An analogous result to Theorem 5 can also be obtained in the case of any Hauptmodul.
4. The eta-quotient expression of ΔN(z)
In Section 2 we study the unique normalized modular form ΔN(z) of weight 12 on Γ0(N)
with a zero of maximum order δ(N) at ∞. The modular form ΔN(z) plays an important role in
the study of linear relations among the Fourier coefficients of modular forms. It turns out that
each ΔN(z) can be expressible in terms of eta-quotients, which we list in Table 1.
5. Proofs
5.1. Proof of Theorem 1
Suppose that G(z) is a meromorphic modular form of weight 2 on Γ0(N). For τ ∈ H ∪ SN ,
let Dτ be the image of τ under the canonical map from H ∪ SN to a compact Riemann surface
X0(N). Here, H is the usual complex upper half plane, and SN denotes the set of all inequivalent
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The eta-quotient expression for ΔN(z)
N ΔN(z)
N = 1 η24(z)
N = 2 η48(2z)η−24(z)
N = 3 η36(3z)η−12(z)
N = 4 η48(4z)η−24(2z)
N = 5 η30(5z)η−6(z)
N = 6 η72(6z)η2(z)η−24(2z)η−36(3z)
N = 7 η28(7z)η−4(z)
N = 8 η48(8z)η−24(4z)
N = 9 η36(9z)η−12(3z)
N = 10 η60(10z)η6(z)η−12(2z)η−30(5z)
N = 12 η72(12z)η12(2z)η−36(6z)η−24(4z)
N = 13 η26(13z)η−2(z)
N = 16 η48(16z)η−24(8z)
N = 18 η72(18z)η12(3z)η−36(9z)η−24(9z)
N = 25 η30(25z)η−6(5z)
cusps of Γ0(N). The residue of G(z) at Dτ ∈ X0(N), denoted by ResDτ Gdz, is well defined
since we have a canonical correspondence between meromorphic modular forms of weight 2 on
Γ0(N) and meromorphic 1-forms of X0(N). If Resτ G denotes the residue of G at τ on H, then
ResDτ Gdz =
1
lτ
Resτ G.
Here, lτ is the order of the isotropy group at τ . The residue of G at each cusp t ∈ SN is
ResDt Gdz = dt ·
atG(0)
2πi
, (5.1)
where (G|2γt )(z) = (cz + d)−2G(az+bcz+d ) =
∑∞
n=mt a
t
G(n)q
n for γt =
(
a b
c d
) ∈ Γ (1) such that
γt (t) = ∞ and dt denotes the smallest positive integer such that (G|2γt )(z + dt ) = (G|2γt )(z).
To prove Theorem 1(1), take
G(z) = g(z)
ΔN(z)e
f (z),
where g ∈ Mhr (Γ0(N)) and f (z) =
∑∞
n=1 af (n)qn ∈ Sk(Γ0(N)). Note that G is holomorphic
on H and vanishes at each cusp except ∞. For g(z), ΔN(z) and f (z) are holomorphic and
ΔN(z) has no zero in H. We will calculate the residue of G(z) only at ∞ and apply Cauchy’s
residue theorem. The q-expansion of g
ΔN(z)
e f at ∞ is:
g(z)
ΔN(z)e
f (z) =
(
α(N)e−h∑
ν=1
b(N, e, g;ν)q−ν +
∞∑
n=0
c(n)qn
)( ∞∑
n=1
af (n)q
n
)
.
From (5.1) we obtain that
2πi ResD∞ Gdz =
α(N)e−h∑
b(N, e, g;ν)af (ν).
ν=1
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α(N)e−h∑
ν=1
b(N, e, g;ν)af (ν) = 0.
This implies that Φ(N)r,α(N)e−h is well defined. The linearity of the map Φ
(N)
r,α(N)e−h is clear.
Now we prove that Φ(N)
r,α(N)e−h is an isomorphism. Since there exists no holomorphic mod-
ular form of negative weight except the constantly zero function, we obtain the injectivity of
Φ
(N)
r,α(N)e−h. Modifying the dimension formula of Mk(Γ0(N)) and Sk(Γ0(N)) in [14] to a group
Γ0(N) of genus-zero, we have, for positive even k,
dimMk
(
Γ0(N)
)= −(k − 1)+(k
2
)
ν∞ + ν2
[
k
4
]
+ ν3
[
k
3
]
, (5.2)
dimSk
(
Γ0(N)
)= { dimMk(Γ0(N))− ν∞ if k  4,0 if k = 2, (5.3)
where ν∞ is the number of inequivalent cusps of Γ0(N) and, for i = 2 and 3, νi denotes the
inequivalent elliptic elements of the order i in Γ0(N).
We also note
dimC
(
L
(
N,k;α(N)e − h))= α(N)e − h− dimC(Sk(Γ0(N))).
Since the genus g(Γ0(N)) of Γ0(N) is given by
g
(
Γ0(N)
)= 1 + 1
12
α(N)− 1
2
ν∞ − 14ν2 −
1
3
ν3 (5.4)
and r = 12e − k + 2 (see [14]), we obtain that
dimC
(
Sk
(
Γ0(N)
))+ dimC(Mhr (Γ0(N)))
= −(k + r − 2)+ ν∞
(
k + r
2
− 1
)
+ ν2
([
k
4
]
+
[
r
4
])
+ ν3
([
k
3
]
+
[
r
3
])
− h
= −(12e)+ 6eν∞ + 3eν2 + 4eν3 − h
= eα(N)− h.
This implies that Φ(N)r,α(N)e−h is surjective since the map Φ(N)r,α(N)e−h is injective.
This gives a proof of Theorem 1(1).
Using formulae (5.1) and (5.3), we can prove Theorem 1(2) in a similar manner, so we omit
the details.
5.2. Proof of Theorem 2
First, we claim that g
ΔN(z)
is ℘-integral. Suppose that ΔN(z) = ∑∞n=1 aΔN(z)(n)qn is not
℘-integral. Since the set of Fourier coefficients of ΔN(z) is a subset of some finite generated
Z-module, there exists a positive integer u such that ℘uΔN(z) is ℘-integral and ℘uΔN(z) 
≡
0 (mod ℘). Sturm’s formula (see [15]) implies that if ℘uaΔN(z)(n) ≡ 0 (mod ℘) for every n,
n  α(N), then ℘uΔN(z) ≡ 0 (mod ℘). So, we have ℘uΔN(z) ≡ 0 (mod ℘), and this gives a
contradiction.
We may take k = m(p − 1)+ k˜, for some m ∈ Z, by the assumption. Since
(−12e + r)pb + k − 2 = (−12e + r)(pb − 1)+m(p − 1),
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(−12e + r)pb + a(p − 1)+ k = 2.
Let
F(z) :=
(
g(z)
ΔN(z)e
)pb
Eap−1(z)f (z).
Then, we have
F(z) ≡
(
α(N)e∑
ν=1
b(N, e, g;ν)q−νpb +
∞∑
n=0
c(n)qnp
b
)( ∞∑
n=1
af (n)q
n
)
(mod ℘).
Since f is a normalized Hecke eigenform in Sk(Γ0(N)), we have, for a prime p  N,
af (p)af
(
pn
)≡ af (pn+1)+ pk−1af (pn−1)≡ af (pn+1) (mod ℘).
Since f is a Hecke eigenform, we have af (pb) ≡ af (p)b (mod ℘) and af (es) = af (e)af (s) for
gcd (e, s) = 1. Since(
α(N)e∑
n=1
b(N, e, g;n)af (n)
)
af
(
pb
)≡ 0 (mod ℘),
we conclude our claim.
5.3. Proof of Theorem 3
Suppose that af (p) 
≡ 0 (mod ℘). Let
M˜λ,℘
(
Γ0(N)
) := {H(z) = ∞∑
n=1
aH (n)q
n ∈ (OL/℘OL)q:
H ≡ h (mod ℘) for some h ∈OLq ∩Mλ
(
Γ0(N)
)}
.
In [8] it is shown that for a prime ℘
dim M˜λ,℘
(
Γ0(N)
)= dim(Mλ(Γ0(N))). (5.5)
Since H
ΔN(z)
e preserves the ℘-integrality of H , we have(
α(N)e∑
n=1
b(N, e,H ;n)af (n)
)
≡ 0 (mod ℘)
for every H ∈ M˜r,℘(Γ0(N)) such that r = 12e − k˜ + 2 and e  k˜+212 . From Theorem 1 and (5.5)
we obtain
dim M˜r,℘
(
Γ0(N)
)= dim(L(N, k˜;α(N)e)).
This implies that there exists a modular form F(z) = ∑∞n=1 aF (n)qn ∈ M˜k˜,℘(Γ0(N)) where
aF (n) ≡ af (n) (mod ℘) for n eα(n). Therefore, we obtain that
F(z)Ep−1(z)
k−k˜
p−1 ≡ f (z) (mod ℘)
by Sturm’s formula. This contradicts our assumption that ω℘(f ) > p + 1.
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We begin with the following proposition.
Proposition 5.1. Let N = 1,2 or 4. Let β(1) ∈ {4,6,8,10,14}, and let β(2) = 12 or 14 and
β(4) = 14. Suppose that f (z) =∑∞n=1 af (n)qn ∈ Sk(Γ0(N))∩OLq.
(1) If p = 2,3 and b  1 is an integer for which 12pb  (k + 2)α(N), then for every positive
integer ξ
af
(
ξpb
)≡ 0 (mod p).
(2) Suppose that p  5 is prime. If b  1 is an integer and a  0 is an integer for which k =
(β(N)− 14 + 12
α(N)
)pb + 2 − a(p − 1), then for every positive integer ξ
af
(
ξpb
)≡ 0 (mod p).
Remark 5.2. When ξ = 1, Proposition 5.1 was proved in [1,2].
Proof of Proposition 5.1. First, we construct a modular form hN(z) such that ord∞(hN) = 1
and ordτ (hN) = 0 for τ 
= ∞, where ordτ (hN) denotes the order of the zero of hN(z) at τ . Since
k
12α(N) = 1 by the valence formula, the weight of hN should be 4 and 2 if N = 2 and N = 4,
respectively. From these facts, we obtain the desired modular forms:
h1(z) = Δ1(z) = q + c1(2)q2 + · · · if N = 1,
h2(z) = 1240
(
E4(z)−E4(2z)
)= q + c2(2)q2 + · · · if N = 2,
h4(z) = 124
(−E2(z)+ 3E2(2z)− 2E2(4z))= q + c4(2)q2 + · · · if N = 4.
Let
FN(z) = E14−β(N)(z)− 2
−1(1 + (−1)N)(1 − [β(N)14 ])E14−β(N)(2z)
hN(z)
.
Note that there exists a unique polynomial Rξ,N(X) ∈ Z[ 1TN ][X] such that Rξ,N(jN(z))FN(z)
has q-expansion of the form
Rξ,N
(
jN(z)
)
FN(z) = q−ξ + c(ξ,N)+ · · · at ∞,
where
TN = 1 − 2pb−1
(
1 + (−1)N )(1 − [β(N)
14
])
, a(ξ,N) ∈ Z
[
1
TN
]
.
To prove Proposition 5.1(2), choose
GN(z) := Rξ,N
(
jN(z)
)pb
FN(z)
pbEap−1(z),
where b  1 is an integer, and γ  0 is an integer for which k = (β(N) − 14 + 12
α(N)
)pb + 2 −
γ (p − 1). Since, for p  5, Ep−1 ≡ 1 (mod p) and 1 is p-integral, we obtainTN
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(
jN(z)
)pb
FN(z)
pbf (z) (mod p)
≡ (q−ξpb + c(ξ,N)+ · · ·)f (z) (mod p).
Proposition 5.1(2) follows from Theorem 1 since there exits a modular form HN(z) such that
GN(z) = HN(z)ΔN (z)t for some t ∈ Z0.
To prove (1), let
FN(z) :=
E 12pb
α(N)
+2−k(z)
hN(z)p
b
f (z).
Proposition 5.1(1) can be proved in a similar way to Proposition 5.1(2), so we omit the de-
tails. 
Proof of Theorem 4. Let
f (z) =
(
θ2n(z)−E
n−4
p−1
p−1(z)
((
1 − 17−181−n − 256
255
)
E4(z)+ 17−181−nE4(2z)
+E4(4z)
))
,
where θ(z) = 1 + 2∑1 q2 . Note that f (z) is a cusp form on Γ0(4) and has the following
q-expansion:
f =
∞∑
j=1
(
rn(j)+ 240
((
1 − 17−181−n − 256
255
)
σ3(j)+ 17−181−nσ3
(
j
2
)
+ 256
255
σ3
(
j
4
)))
qj .
Noting that n ≡ 4 (mod (p − 1)) and m logp 2p−6+n4 , we have that a positive integer
−2n+ (β(4)− 14 + 12
α(4) )p
m + 2
p − 1 .
So, Proposition 5.1 implies that
rn
(
tpm
)≡ −240((1 − 17−181−n − 256
255
)
σ3
(
tpm
)
+ 17−181−nσ3
(
tpm
2
)
+ 256
255
σ3
(
tpm
4
))
(mod p)
≡ −240
((
1 − 17−181−n − 256
255
)
σ3(t)
+ 17−181−nσ3
(
t
2
)
+ 256
255
σ3
(
t
4
))
(mod p).
This completes our claim. 
Proof of Theorem 5. Again we use the Residue theorem to obtain our result: take G(z) =
1
2πi
d
dz
Fm1(z) and H(z) = Fm2(z). Then G(z)H(z) is a meromorphic modular form of weight 2
on Γ (1) and G(z)H(z) is holomorphic on H with the q-expansion
D. Choi, Y. Choie / J. Math. Anal. Appl. 326 (2007) 655–666 665G(z) ·H(z) =
∑
1
(−m1a(m2;m1 − )+ (m2 − )a(m1;m2 − ))q−
+ (−m1a(m2;m1)+m2a(m1;m2))+O(q) at ∞,
where a(m1;) = a(m2;) = 0 for  < 0. The Residue theorem implies that
m1a(m2;m1) = m2a(m1;m2).
This completes the proof. 
6. Construction of eta-quotient for ΔN(z)
Note that ΔN(z) has no zero except ∞. So, ΔN(z) is an eta-quotient by the following propo-
sition.
Proposition 6.1. (See [9].) Let f be a meromorphic modular form of weight k on Γ0(N). Suppose
that N is squarefree, and that f has the product expansion at ∞
f (z) = cq hM
∏
n1
(
1 − q hM )c(n)
for positive integers h and M . Then f has no zeros or poles on H if and only if c(n) (n ∈ N)
depends only on the greatest common divisor (n,N).
Moreover, the following propositions characterize eta-quotients.
Proposition 6.2. (See [12, §1].) Let η(z) = q 124 ∏∞n=1(1 − qn). If f (z) = ∏δ|N η(δz)rδ is an
eta-quotient with k = 12
∑
δ|N rδ ∈ Z, with the additional properties that∑
δ|N
δrδ ≡ 0 (mod 24)
and ∑
δ|N
N
δ
rδ ≡ 0 (mod 24),
then f (z) satisfies
f
(
az+ c
cz+ d
)
= χ(d)(cz + d)kf (z)
for every ( a bc d ) ∈ Γ0(N). Here, the character χ is defined by χ(d) := ( (−1)ksd ) where s :=∏
δ|N δrδ .
Proposition 6.3. (See [12, §1].) Let c, d and N be positive integers with d|N and gcd(c, d) = 1.
If f (z) is an eta-quotient satisfying the conditions of Proposition 6.2 for N , then the order of
vanishing of f (z) at cusp c
d
is
N
24
∑
δ|n
gcd(d, δ)2rδ
gcd(d, N
d
)dδ
.
666 D. Choi, Y. Choie / J. Math. Anal. Appl. 326 (2007) 655–666Using the fact ΔN(z) has only a zero at ∞, we can express ΔN(z) as an eta-quotient. For
example, we have
Δ6(z) = η
72(6z)η2(z)
η24(2z)η36(3z)
.
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